This work derives an interaction integral for the computation of mixed-mode stress intensity factors (SIFs) in three-dimensional (3D) nonhomogeneous materials with continuous or discontinuous properties. The present method is based on a two-state integral by the superposition of actual and auxiliary fields. In 3D domain formulation of the interaction integral derived here, the integrand does not involve any derivatives of material properties. Furthermore, the formulation can be proved to be still valid even when the integral domain contains material interfaces. Therefore, it is not necessary to limit the material properties to be continuous for the present formulation. On account of these advantages, the application range of the interaction integral can be greatly enlarged. This method in conjunction with the finite element method (FEM) is employed to solve several representative fracture problems. According to the comparison between the results and those from the published lectures, good agreement demonstrates the validation of the interaction integral. The results show that the present interaction integral is domainindependent for nonhomogeneous materials with interfaces.
Introduction
Recently, composite materials and structures are more and more designed and produced with nonhomogeneous properties. Some of them have the properties varying continuously and some of them contain large number of interfaces. For there-dimensional (3D) curved cracks in those materials and structures, the accurate determination of mixed-mode stress intensity factors (SIFs) remains a significant problem in fracture mechanics. Irwin (1962) first obtained an approximate solution of a semi-elliptical surface crack problem in a homogeneous infinite plate. Then, Smith et al. (1967) , Smith (1972) and Shah and Kobayashi (1972) refined the accuracy of the SIFs for this problem using the iteration method. Raju and Newman (1979) employed finite element techniques to analyze the problems on semi-elliptical surface cracks in finitethickness plates. The problems of a penny-shaped crack in homogeneous dissimilar materials bonded through an interfacial region with graded mechanical properties were investigated by Ozturk and Erdogan (1996) . An alternative approach for analyzing 3D curved cracks in homogeneous and functionally graded materials (FGMs, which are the nonhomogeneous materials with properties varying continuously) is to directly include the SIFs as unknowns in the finite element displacement approximation (Ayhan and Nied, 2002; Ayhan, 2007 Ayhan, , 2009 ). Yildirim et al. (2005) employed the displacement correlation technique (DCT) in conjunction with the finite element method (FEM) to examine 3D surface crack problems in functionally graded coatings subjected to mode-I mechanical or transient thermal loading. Yu et al. (2007) used the DCT to solve 3D rectangular penetrable crack problems in functionally graded plates.
In recent decades, conservation integrals have been widely applied to solve the SIFs, among which the J-integral (Rice, 1968) has aroused a great interest for its path-independence in homogeneous materials. It is well-known that the J-integral is identical to energy release rate corresponding to the extension of a crack in an elastic body (Moran and Shih, 1987b) . Under some restrictive conditions, DeLorenzi (1982) derived a domain form of the J-integral along a 3D crack front. Shih et al. (1986) employed the domain integral to investigate 3D cracks in a thermally stressed body. In several applications, the contour integrals and their associated domain formulations have been investigated by Moran and Shih (1987a,b) . They pointed out that due to the potential source of inaccuracy for the evaluation of the crack tip contour integrals in numerical studies, the integrals should be recast into finite domain forms with the help of weighting functions. Based on the FEM coupled with the element-free Galerkin method (EFGM), Sukumar et al. (1997) employed a 3D domain formulation of the J-integral to analyze 3D planar crack problems. With the development of the extended finite element method (XFEM), Sukumar et al. (2000) implemented the J-integral in conjunction with the XFEM to solve 3D planar crack problems. Eischen (1987) proved that in nonhomogeneous materials with continuous and generally differentiable properties, the stress and strain singularity near a crack tip is same as the well-known inverse square root stress singularity in homogeneous materials. And Jin and Sun (2007) provided a rigorous proof for nonhomogeneous materials that both the modified J-integral given by Eischen (1987) and the J e -integral given by Honein and Herrmann (1997) are the potential energy release rates. These studies permit the application of the J-integral in fracture problems of nonhomogeneous materials with properties varying continuously. Walters et al. (2004) used the domain form of the J-integral as well as the DCT to compute the SIFs of semi-elliptical surface cracks in FGM plates under mode-I thermomechanical loading.
In order to obtain mode-I and mode-II SIFs separately, an interaction (energy) contour integral method (Stern et al., 1976 ) is derived from the traditional J-integral by considering a composition of two admissible states (actual and known auxiliary fields). Wang et al. (1980) introduced this method to study two-dimensional (2D) mixed-mode crack problems in rectilinear anisotropic solids. Nakamura (1991) used an equivalent domain expression of the interaction integral to evaluate mixed-mode SIFs along straight 3D interface cracks. The same method was employed to deal with curved 3D interface crack problems (Nahta and Moran, 1993; Gosz et al., 1998) . Krysl and Belytschko (1999) utilized the interaction integral method in conjunction with the EFGM to investigate 3D stationary and propagating crack problems. Kim et al. (2001) employed the method to extract mixed-mode SIFs along a pennyshaped crack front. Gosz and Moran (2002) developed the interaction integral method for non-planar 3D crack problems. Moës et al. (2002) and Gravouil et al. (2002) used the method combined with the XFEM to study non-planar 3D crack growth problems. Furthermore, Dolbow and Gosz (2002) introduced the interaction integral method to compute mixed-mode SIFs of 2D cracks in FGMs. In comparison with the modified J-integral for nonhomogeneous materials, the interaction integral was found to be more convenient since the evaluation of strain energy densities along the traction-free crack faces is not required. According to a series of investigations (Kim and Paulino, 2003 , Kim and Paulino gave a systemical summary on three definitions of the auxiliary fields and discussed how to extract mixed-mode SIFs and Tstress of 2D cracks in isotropic and orthotropic FGMs. Using the method, Walters et al. (2005 Walters et al. ( , 2006 conducted several investigations on 3D mixed-mode fracture problems for FGMs under thermomechanical loads. Ortiz and Cisilino (2005) determined mixed-mode SIFs along 3D bimaterial interface crack fronts using the interaction integral method in conjunction with the boundary element method (BEM). Johnson and Qu (2007) extended the interaction integral method to calculate the SIFs of 3D curved cracks in a homogeneous body and on a bimaterial interface subjected to nonuniform temperature fields.
The previous work is mostly concerned with the materials with continuous and differentiable properties. Actually, there exist more or less material interfaces in various nonhomogeneous composite materials, especially, in particulate reinforced composite materials (PRCMs). It is often found that although the PRCMs can significantly improve the strength, stiffness and wear resistance of the structures (Leggoe et al., 1996) , their fracture properties are not improved and, on the contrary, the fracture toughness may be significantly lower than that of the matrix material (Yang and Li, 2004) . In addition, FGMs as typical nonhomogeneous materials have many advantages that make them attractive in potential applications, such as the improvement on residual stress distribution and mechanical durability, while actual FGMs are also two or multi-phase particulate composites in which material composition and microstructure vary spatially (Rahman and Chakraborty, 2007) or the volume fraction of particles varies in one or several directions (Birman and Byrd, 2007) . Therefore, the material interfaces have to be taken into account if the fracture performance of these materials must be concerned. In authors' previous work (Yu et al., 2009) , the interaction integral method was extended to solve the fracture problems in 2D nonhomogeneous materials with complex interfaces. It has been proved that the interaction integral is still valid when the integral domain contains material interfaces. In this paper, the applications of the interaction integral will be discussed for 3D curved cracks in nonhomogeneous materials when the integral domain contains arbitrary interfaces.
The outline of this paper is given as follows. An interaction integral and the method for extracting mixed-mode SIFs are given in Section 2. Moreover, Section 2 provides the derivation of the 3D domain form of the interaction integral which does not contain the derivatives of material properties. Section 3 gives the proof that the interaction integral method is still valid when there are arbitrarily curved interfaces in the integral domain. Section 4 presents several representative numerical examples to demonstrate the validation of the interaction integral and verify the domain-independence for the materials with properties varying continuously and those with complex interfaces. Finally, a summary is provided in Section 5.
Interaction integral
In this section, the interaction integral will be derived for extracting mixed-mode SIFs along 3D curved crack fronts in arbitrarily nonhomogeneous solids. Throughout this work, the material is limited to linear-elastic and isotropic conditions, and small strain kinematics is assumed. Fig. 1 shows an arbitrary 3D curved crack front. Here, C(s) is a contour that lies in a plane passing through the point s and is perpendicular to the crack front, n j are the components of the unit outward normal to the contour C. According to Gosz and Moran (2002) S ijkl r ij r kl is the strain energy density, r ij is the Cauchy stress tensor, e ij is the strain tensor, u i is the displacement vector, C ijkl is the stiffness tensor, S ijkl is the compliance tensor, d lj is the Kronecker delta, and c l (s) is a unit vector that is perpendicular to the crack front and lies in the local tangent plane to the crack surface at point s. Without specification, the variables marked by the subscripts i, j, k and l denote their components in the Cartesian coordinate system. Throughout, the summation convention is implied where the subscripts take on the values 1-3. The comma denotes partial differentiation with respect to the spatial coordinates. The J-integral (Rice, 1968) for the superimposed load of the actual field and the auxiliary field can be written as are the auxiliary stress, strain and displacement fields defined in Appendix A. The interaction integral (Stern et al., 1976 
Interaction energy contour integral
where
Extraction of mixed-mode SIFs from the interaction integral
Similarly to the relations between the energy release rate J(s) and the SIFs K I , K II and K III , the interaction integral I(s) in Eq. (4) takes the value (Walters et al., 2006) IðsÞ ¼ 2 E 0 ðsÞ
where 
Domain form of the interaction integral
Since the domain expression is naturally compatible with the finite element formulation of the field equations (Shih et al., 1986) , the domain representation of the interaction integral in Eq. (4) is derived in this section. To begin, consider a small segment L c on a curved crack front around the point s as shown in Fig. 2 (a) and at a point p on it, the virtual crack advance is assumed
where Da(p) is the magnitude of the crack advance. It is assumed that Da(p) only varies continuously along the segment L c and is zero at any point outside L c . The total energy caused by the interaction integral I(p) due to the crack advance dn l on the segment L c is defined as
Since the segment L c is very small, it can be assumed that the interaction integral I(p) varies slowly along the segment L c . With this assumption, I(p) in Eq. (8) can be replaced by a constant I(s) and thus, I(s) can be obtained by the relation
Therefore, the integral I should be solved firstly. As shown in Fig. 3 , since the crack faces are assumed to be traction-free, it can be easily proved that (Kim and Paulino, 2003) IðpÞ ¼ À lim
is a contour in n 1 -n 2 -plane (the definitions of the curvilinear coordinates n 1 , n 2 and n 3 are given in Appendix A), where C À is the opposite integral path of C, m i is the unit outward normal vector to the contour C 0 and therefore, 
Here, q l is a smooth test function with values varying from c l Da on S to 0 on S B . Taking the limit S ? 0 leads to V 0 ? V. When the material properties in the volume V vary continuously, applying divergence theorem to Eq. (11), we have
Substituting P lj given in Eq. (5) into Eq. (12), one obtains
Here, the symmetry of the auxiliary stress tensor leads to r aux ij u i;lj À r aux ij e ij;l ¼ 0. And according to the equilibrium of the actual stresses with a known body force f i , i.e., r ij;j þ f i ¼ 0, I can be simpli-
Whether the material properties are homogeneous or nonhomogeneous, the second term in Eq. (14) is not zero (Nahta and Moran, 1993; Gosz et al., 1998; Walters et al., 2006) . Since the segment L c is very small, the material properties are assumed to vary slowly on it and therefore, the material properties at point s are used in the definitions of the auxiliary stresses and displacements for any point in the integral volume V. As a result of the above analysis, it is interesting to find that compared with the integral I given by Walters et al. (2005 Walters et al. ( , 2006 for nonhomogeneous materials, the expression in Eq. (14) does not contain any derivatives of the material properties. Therefore, the interaction integral does not need the material properties to be differentiable. Since it may be difficult to obtain the derivatives of material properties or there are no derivatives in many actual cases, the applicable range of the present interaction integral is wider than that of the traditional J-integral for nonhomogeneous materials.
Influence of the interfaces (material discontinuities) on the interaction integral
In the above section, it is shown that the interaction integral method does not need the nonhomogeneous material properties to be differentiable. However, the material properties are still required to be continuous in the above derivation. In this section, we will discuss whether the continuity condition of material properties is necessary in the interaction integral method.
Domain form of the interaction integral for discontinuous materials
As shown in Fig. 4(a) , the integral domain V is divided by a material interface S interface into two domains V 1 and V 2 . In each domain, the material properties vary continuously. And the closed surface S 0 defined in the above section is cut into two unclosed surfaces S 01 and S 02 . The integral in Eq. (11) can be rewritten as
where I Ã interface is a surface integral along the interface with the expression shown below
Here, the variables or expressions on the interface marked by the superscripts r and s means that they belong to the domains V 1 and V 2 , respectively. According to the definitions of auxiliary fields in Appendix A, it can be observed that the auxiliary stresses and displacements and their derivatives are continuous on the interface. Therefore, 
The value of I Ã interface will be given in the following part. By applying divergence theorem to the first and second integrals in Eq. (15), respectively, we have 
At a point p on the interface, an orthogonal curvilinear coordinate system is defined. The vector m is the unit outward normal vector to the surface S interface at point p. The straight line where the vector m lies is denoted by the symbol l 1 . We select two mutually perpendicular planes containing the line l 1 and let the symbols l 2 and l 3 denote the curves generated by the intersection of the surface S interface and the two planes. Then, three orthotropic curvilinear coordinates g 1 , g 2 and g 3 are defined on the lines l 1 , l 2 and l 3 , respectively. Here, g 1 gives the signed distance of a point to the surface S interface . The natural base vectors h i corresponding to the coordinates are defined by
where x k are the Cartesian coordinates and i k are the corresponding base vectors. For convenience, we define the orthogonal unit base vectors e i by
and the underlined subscript i denotes no sum on i. It is obvious from the above definitions that e 1 = m and the scale factor A 1 = 1 (Gosz and Moran, 2002) . In this subsection, the variables or expressions marked by the subscripts i, j, k and l denote their components in (g 1 , g 2 , g 3 ) coordinate system.
The integral I Ã interface in Eq. (17) can be rewritten in tensor form as
where r is the gradient operator expressed by (Gosz and Moran, 2002) r
According to the equilibrium condition on the bimaterial interface, the tractions on both sides of the interface should be equal. That is
Since the interface is perfectly bonded, the derivatives of actual displacements with respect to the curvilinear coordinates g 2 and g 3 are equal on both sides of the interface, i.e.,
Since the stress r aux is a symmetrical tensor, by applying the straindisplacement relations of actual fields, the first integrand in Eq. (22) can be written as
In (g 1 , g 2 , g 3 ) coordinate system, m 1 = 1 and m 2 = m 3 = 0. Therefore, 
Substituting A 1 = 1, m 1 = 1, m 2 = m 3 = 0 and Eq. (25) 
Substituting Eqs. (28), (29) and (31) into Eq. (22) yields
Similarly, the same result can be obtained for the interface which passes through the crack faces as shown in Fig. 4(b) . If the interface intersects with the crack front in the segment L c which is cut into two parts L 
For the numerical examples in this paper, no body force is assumed (i.e., f i = 0) and the finite element discretization of Eq. (33) without body force is given in Appendix C.
The interaction integral in Eq. (33) does not require the material properties to be continuous and hence, its applicable range is greatly enlarged. Moreover, the expression in Eq. (33) can facilitate the numerical implementation for the materials with complicated material interfaces around the crack tip since the integral domain can be chosen arbitrarily. If the crack faces in the integral domain V are curved as shown in Fig. 6 , the interaction integral is
where I crackface is a surface integral on the crack faces. According to Gosz and Moran (2002) , the surface integral I crackface is
where S þ A is a fictitious crack face tangent to the crack front and S À A is its opposite surface. Since the auxiliary displacement components and certain auxiliary stress and strain components are discontinuous across the surfaces S 
Numerical examples and discussions
In order to demonstrate the accuracy of the interaction integral method and verify the convergence of the method, we will present several numerical examples on the 3D fracture problems for the materials with continuous nonhomogeneous properties and discontinuous properties, respectively. 4.1. Example 1: functionally graded plate with a semi-elliptical surface crack Fig. 7(a) shows a 3D functionally graded plate of length 2L, width 2h and thickness t under tension load. The plate contains a semi-elliptical surface crack of half-length c and depth a. The problem of a plate with such a configuration was investigated by Walters et al. (2004) . In order to simulate infinite plate, both the length 2L and the width 2h of the plate remain fixed at 10 times of the thickness t. The tension load r 0 is applied along the top and the bottom edges of the plate. The Young's modulus E varies only in the thickness (x 1 ) direction from E 1 = E(x 1 = 0) to E 2 = E(x 1 = t) and the Poisson's ratio m is constant. The following data and expressions are used for numerical analysis: Walters et al., 2004) . Symmetry permits modeling of only one half plate and Fig. 7 (b) and (c) shows the mesh configuration. Twenty-node hexahedral elements are used over most of the mesh and sixteen 20-node, quarter-point, hexagonal elements with collapsed faces surrounding each crack front as shown in Fig. 8(a) . The crack front is divided into 16 elements in n 3 direction from / = 0 to / = p/2, where the angle / is shown in Fig. 7(a) . The mesh consists of 10,848 hexahedral and 256 hexagonal elements, with a total of 11,104 elements and 49,156 nodes. In order to improve numerical precision, the ratio of the radial edge length R e of the elements at the crack front to the crack depth a is R e /a = 0.003. In this subsection, three-layer elements around the crack tip are adopted for the calculation of the interaction integral as shown in Fig. 7(d) . Since material properties are nonhomogeneous, as shown in Fig. 8(b) , actual material properties at integration points are adopted when the element stiffness matrix is formed (Yu et al., 2007) . For all examples in this paper, we use 3 Â 3 Â 3 Gauss quadrature in FEM computation and 2 Â 2 Â 2 Gauss quadrature in the calculation of the interaction integral. The comparison between the normalized SIFs computed by Eq. (33) and the results in Walters et al. (2004) is shown in Table 1 . The geometry, loading and material property variations lead to mode-I conditions on the crack plane and thus, only mode-I normalized SIFs K I /K 0 are listed along the crack front from the angle / = 0 to / = p/2. It can be found that the relative errors of the mode-I normalized SIFs are all within 0.6% for homogeneous materials and 2% for FGMs. Excellent agreement demonstrates that the present method is valid for the fracture problem of nonhomogeneous materials with continuous properties.
It should be pointed out that near the free surface, the stress singularity (r Àk ) becomes weaker (k < 1/2) and the mode-I SIF tends toward zero at / = 0 (Pook, 1994) . Nakamura and Parks (1988) gave the estimation of the influence region of free surface on the singularity in semi-elliptical surface cracks nearly to be 0.03a 2 /c. Since the present study does not focus on the region near free surface, the mesh near free surface is not refined and 2D plane-strain asymptotic solution (Kim et al., 2001 ) are chosen to be the auxiliary fields to solve the SIFs at all points.
Subsequently, we select seven cylindrical integral domains with different radial sizes to verify the domain-independence of the interaction integral. In order to select the integral domains, we define R I to be the radius of the referenced cylindrical surface C I by which the integral domain is determined as shown in Fig. 9 . In details, the integral domain consists of the elements cut by C I and the elements surrounded by C I . Table 2 lists the mode-I normalized SIFs along the crack front for the ratio R I /R e = (3, 6, 12, 24, 36, 48, 60) . In order to estimate the dispersion of interaction integral, the relative error is defined as Table 1 Normalized SIFs K I /K 0 along the crack front in FGM plate under tension (Example 1: a/t = 0.5; a/c = 1; E(x 1 ) = E 1 e bx1 ; b ¼ 
where K max , K min and K mean denote the maximum, minimum and mean of the SIFs, respectively, at a point s. The results show that the relative errors (E rr ) of the mode-I normalized SIFs for every point on the crack front are all within 0.10% for E 2 /E 1 = 1 and within 0.25% for E 2 /E 1 = 0.2. It implies that the interaction integral in Eq. (33) is domain-independent for a 3D curved crack in the material with the properties varying continuously.
Example 2: domain-independence for the materials with interfaces
In order to check the influence of the interface on the interaction integral, we investigate an annular-fiber-reinforced cylinder with a penny-shaped crack under uniform tension r 0 as shown in Fig. 10(a) . The cylinder has a radius R and total length 2L. The crack of radius a is located in the center of the cylinder and the crack front coincides with the midline of the fiber which has a radius R f . In the cylinder, the Young's modulus E(x 2 ) varies only in the length (x 2 ) direction from E 1 at the bottom surface to E 2 at the top surface and the Poisson's ratio m is constant. For the fiber, the Young's modulus E f and the Poisson's ratio m are both constant.
The following data and expressions are used for numerical analysis: L = R = 200; a = 100; R f = 10; E( E 2 /E 1 = (1, 10, 100); E f /E 1 = 100; m = 0.25; r 0 = 1; K 0 ¼ r 0 ffiffiffiffiffiffiffiffiffiffiffiffi pa=Q p ; Q = 2.464. Fig. 10(b) shows the mesh configuration corresponding to a quarter of the cylinder. The mesh consists of 7612 elements and 33,715 nodes. The ratio of the radial edge length R e of the elements at the crack front to the crack radius a is R e /a = 0.003. Seven different integral domains (R I /R e = 9, 18, 27, 36, 45, 54, 63) are selected to test the stability of the numerical results and the latter four domains contain the interface as shown in Fig. 11 . Table 3 lists the mixed-mode normalized SIFs for the cases of homogeneous and nonhomogeneous matrix materials. Only mode-I normalized SIFs for E 2 /E 1 = 1 are listed since the symmetry leads to pure mode-I conditions. The results show that the relative errors (E rr ) defined in Eq. (36) are all within 0.46% for K I /K 0 and within 2.29% for K II /K 0 . Compared with K I /K 0 , the values of K II /K 0 are very small for E 2 /E 1 = 10 and E 2 /E 1 = 100. Although the relative errors of K II /K 0 are a little large, the absolute errors of K II /K 0 is not larger than those of K I /K 0 . In order to show the influences of the integral domains on the SIFs of different modes better, a new example with the mode-I, mode-II and mode-III SIFs of the same magnitude will be given in the following.
Example 3: three-dimensional mixed-mode SIFs
The model shown in Fig. 10(a) is still used while the load and boundary conditions are different. A centralized force F 1 = 1 is applied on the center of the top surface of the cylinder and the displacement boundary conditions are prescribed such that u 1 = u 2 = u 3 = 0 on the bottom surface. The following data and expressions are used for numerical analysis: L = R = 200; a = 100; R f = 10; E(
lnðE 2 =E 1 Þ; E 2 /E 1 = 100; E f /E 1 = 100;
. Symmetry permits modeling of half cylinder as shown in Fig. 12 . The mesh consists of 5792 elements and 25,728 nodes. Since the influence of the interface on the SIFs is focused, five domains (R I /R e = 27,36,45,54,63) shown in Fig. 11 are selected to compute the SIFs and only one of them does not contain the interface.
As shown in Fig. 13 , the normalized SIFs K I /K 0 and K II /K 0 obtained at the angle / and those at the angle p À / are anti-symmetric, and K III /K 0 at / and those at p À / are symmetric.
It should be noted that the obtained mode-I SIFs K I are negative when / < p/2, which implies two crack faces have been closed. According to Guo et al. (2008) , only the positive K I are meaningful and, however, the negative K I can also be used in superposition with a positive K I that results from another type of loading provided that the net K I is positive. Therefore, presentation of the negative K I can shed some light on the degree of closure occurring near the crack front region. In order to show the differences of the mixed-mode SIFs obtained in different integral domains clearly, the relative errors E rr defined in Eq. (36) are shown in Fig. 14 . It can be found that for all points along the crack front, the relative errors E rr are within 0.15%, 0.85% and 0.90% for K I /K 0 , K II /K 0 and K III /K 0 , respectively.
From Examples 2 and 3, it can be found that the material interfaces in the integral domain have almost no influence on the interaction integral, i.e., the interaction integral is domain-independent. The above three examples should be enough to illustrate the validation of the interaction integral method for extracting the SIFs in nonhomogeneous materials with complex interfaces.
Summary
In this paper, a new 3D domain expression of the interaction integral for extracting SIFs is derived. This expression does not contain any derivatives of material property parameters, and is still valid even when the integral domain contains material interfaces. This point is significant for solving the crack problems of nonhomogeneous materials with complex interfaces. The interaction integral method is combined with the FEM to analyze several representative fracture examples. It is found that the numerical results are in good agreement with those appearing in published papers. Moreover, the results show that interaction integral is domainindependent when the integral domain contains nonhomogeneous materials with continuous and discontinuous properties.
The details regarding Eq. (27) 
Here, e V is the number of elements in the integral domain V; p e is the number of the integration points in one element; jJj p represents the determinant of Jacobian matrix; w p is the corresponding weight factor at the integration point p. Here, the variables marked by the subscripts i, j, k and l denote their components in (n 1 , n 2 , n 3 ) coordinate system. In this paper, the unit vector c l (p) is in n 1 direction, i.e., c 1 = 1, c 2 = c 3 = 0. The nodal values q n I l of q l on node n I are given first and q l is interpolated from their known nodal values q n I l by the expressions (Kim et al., 2001) q 1 ðnÞ ¼ X 20
I¼1
N I ðnÞq n I 1 ; q 2 ¼ 0;
The value q 1 varies linearly in n 1 direction. 
